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Summary The role of Elasto-Inertial Turbulence (EIT) on the bounds of friction drag is investigated in channel flows from subcritical to
moderate Reynolds numbers. EIT is a newly discovered state of turbulence emerging from self-sustaining interactions between polymer
dynamics and velocity perturbations in parallel shear flows. At low Reynolds numbers, EIT creates an increase in friction drag. Beyond the
critical Reynolds number for Newtonian flows, EIT becomes the lower bound of the friction drag of the Maximum Drag Reduction (MDR)
state. The drag reduction properties of polymer control the upper bound of MDR.
INTRODUCTION
Elasto-Inertial Turbulence (EIT) [1] is a recently discovered new state of turbulence, where interactions between inertia and
elastic effects can sustain a turbulence-like state in channel and pipe flows at Reynolds numbers much lower than the critical
Reynolds at which Newtonian flows undergo a transition from laminar to turbulent state. The structure of EIT[2, 3] consists
of thin sheets of stretched polymers that are tilted upward by the mean shear and produce spanwise coherent flow structures
by opposition to the quasi-longitudinal vortices observed in Newtonian wall turbulence (See Fig. ??). The proposition
investigated here is that EIT is the bounding state preventing a flow with polymer additives from relaminarization.
EQUATIONS
The mathematical nature of the transport equations solved in the present direct numerical simulations is of critical impor-
tance for the understanding of EIT. The momentum is transported by the Navier-Stokes equation modified to account for the
viscoelastic stress:
@tu+ (u ·r)u =  rp+  Re 1r2u+ (1   )Re 1r ·T , (1)
where   is the ratio of the solvent viscosity to the zero-shear viscosity of the polymer solution and T is the polymer stress
tensor defined as:
T = Wi 1 (f(trace(C))C  I) . (2)
The non dimensional Weissenberg number Wi is the ratio of the polymer solution time relaxation to a relevant flow time
scale. The conformation tensorC is the tensorial product of the components of the end-to-end vector for a polymer molecule,
phased-average over a large ensemble of molecules. The Peterlin function f(r) =
 
1  r/L2  1 describes the restoring
spring force that polymers experience when stretched. L is the normalized polymer length. The transport equation for the
conformation tensor,
@tC+ (u ·r)C = C · (ru) + (ru) ·CT  T+ (ReSc) 1r2C (3)
includes on the right hand side, the stretching of polymer molecules by the flow (first two terms), the restoring spring force
(third term) and a diffusion term governed by the Schmidt number Sc. This system of equations (supplemented byr · u =
0 constitutes the FENE-P (Finite Elastic Non-linear Extensibility-Peterlin) model commonly used in the direct numerical
simulation of polymer flows. Note that the derivation of the FENE-P model requires Sc!1.
As explained in [4] (where the numerical method used here is also described), A time scale analysis of the right-hand of
Eq. (3), for Sc!1 reveals that polymer stretch on the time scale of the flow (first term) and recoil on time scale larger than
the Kolmogorov scale, as stipulated by Lumley [5]. Both terms are local, with no diffusion process. On the left hand side,
the nonlinear advection term, generates small scales if Sc!1. A parallel can be made between Eq. (3) and the small scale
dynamics of passive scalar [6, 7]. In the following, a numerical experiment investigates the effect of Sc on the existence of
EIT.
OBSERVATION
Using direct numerical simulation in periodic 2D and 3D channel flows, the existence of EIT was established for Reynolds
numbers as low as 10, based on the bulk velocity and the channel height. Here EIT was found to arise from a variety of initial
perturbations including spatial variation of blowing and suction at the wall over a finite period of time and superimposition
of random noise. The increase in the coefficient of drag and deviation from laminar is shown in Fig. 1a for the lowest
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Figure 1: 1a: Coefficient of friction in a 2D channel as a function of the Reynolds number based on the bulk velocity and the
full heigh of the channel. (1b) Time history of the bulk Reynolds number for the simulation of [8] constant pressure-gradient
minimal flow unit for Sc ! 1 and Wi⌧ = 400 (blue), Sc ! 1 and Wi⌧ = 40 (red), Sc = 0.3 and Wi⌧ = 40 (green).
The black and cyan lines show the turbulent and laminar bulk Reynolds numbers, respectively. 1c: Flow visualization of EIT
at Wi⌧ = 40. The orange and blue isosurfaces show positive and negative regions of the second invariant of the velocity
gradient tensorQ. The side panels show contours of the polymer extension. The flow is from the left lower corner to the upper
right corner.
simulation. EIT was simulated for very long period of times, up to 500 flow-through time, and no decay was observed in the
space-averaged turbulent kinetic energy.
In our numerical experiment, we reproduce the minimal flow unit simulation of [8], where Sc = 0.3 to 0.5 was used. Fig.
1b shows that small Sc leads to a relaminarization of the flow, as observed by [8] forWi⌧ > 31 (here the Weissenberg number
is normalized by the wall shear, equivalent to the Kolmogorov scale). Our simulations at Sc ! 1 for Wi⌧ = 40 and 400
demonstrates that the flow does not become laminar, a snapshot of which is depicted in Fig. 1c. The spanwise, cylindrical-
looking structures of the regions of positive and negative Q (second invariant of the velocity gradient tensor) are a distinct
feature of EIT. As the Weissenberg number increases, the drag becomes quasi steady and the flow structure remains as shown
in Fig. 1c. These simulations demonstrate that the addition of a diffusion term with low Sc number filters out the dynamics
of EIT. A crucial component of EIT is therefore small scale, since EIT simulation requires Sc   1 and numerical resolution
much finer than for an equivalent Newtonian flow. Our more recent investigation (not shown here) suggest that EIT is driven by
sub-Kolmogorov time scales but not necessarily sub-Kolmogorov length scales. Simulations in larger computational domains
and Reynolds numbers, demonstrate that EIT is present at MDR, even in systems that are intermittent, i.e. where the drag
oscillates between a low (but not laminar) and a high drag (not fully turbulent) state.
CONCLUSIONS
This abstract shows only a fraction of the body of evidence supporting that EIT is the bound on the friction drag of MDR.
For any large Wi, the flow can oscillate between two states: EIT (low drag state) and the state at which the polymer drag
reduction mechanism is at its peak efficiency (high drag). Even at the high drag state, we observe the present of EIT structures.
In summary, MDR is not a Newtonian state as previously thought.
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